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2D signaly - zakl. poymy (1/3)

» 2D diskrétne signaly (diskrétne v priestore,
spojité v hodnotach)
e X(Nny,Nn,) - postupnost’ hodndt definovana pre

vSetky celociselné hodnoty n, a n, (pre
neceloCiselné hodnoty n, a n,nie je nulova, ale

je nedefinovana)
* X(ny,N,) - funkcia, resp. funk¢éna hodnota



2D signaly - zakl. pojmy (2/3)
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2D signaly - zakl. pojmy (3/3)

Vyznamne postupnosti, resp. triedy postupnosti
 jednotkovy (Kroneckerov) impulz
 jednotkovy skok

e separovatel’né postupnosti

 periodické postupnosti




2D Kroneckerov impulz (1/3)
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2D Kroneckerov impulz (2/3)

PouZitie

 impulzova charakteristika h(n,,n,)

* X(n,N,) - linearna kombinéacia posunutych
Kroneckerovych impulzov

x(n.m,) =+ x(=L-2ulny +1n, +2)+x(0,-Du(ny, n, +2)+
+xL-1ulny -1 n, +1)+...+ x(-10)u(m, +1n,)+
+x(0,0)u(ny,m,)+ x(LOJu(n, -1 ny )+

=5 3k koulm —kpn, —k,)

ky=—00 ky=-00




2D Kroneckerov impulz (3/3)

Riadkové impulzy - nie je ekvivalent pre 1D

1 pre =0 1 pre n,=0

xwn)=u®)={ 5 o "0 xn)=u)={ 5 T ™
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2D jednotkovy skok (1/3)
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2D jednotkovy skok (2/3)

Vzt’ah medzi jednotkovym skokom a
Kroneckerovym impulzom

n)=3 3 ul-kon k)

u(n,ny) = slny, ny )= s(my =1,y )= s(my, n, = 1)+ s, -1,n, -1)



2D jednotkovy skok (3/3)

Specifické jednotkové skoky - nieje ekv. pre 1D

xwng)=s(m)={ 5 Fg "= x(un)=s()={g Prg ="
s(n) an : ‘ ‘ . s(n) an
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Separovatel'né postupnosti (1/2)

X(nl’nZ): f(nl)[g(nZ)
e f(n,) - 1D postupnost’; fcia len n,
* g(n,) - 1D postupnost’; fcia len n,

» Kroneckerov impulz a jednotkovy skok -
separovatel'n€ postupnosti

u(n,n,)=u(n,)tu(n,)
s(m.ny) = s(m ) 5(n, )
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SeparovateI'né postupnosti (2/2)
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Periodické postupnosti (1/3)

X(ny,ny) = x(ny + Ny, ny )= x(ny,n, +N,)  pre O(ny,n,)

* X(n,, N,) - periodicka postupnost’ s periddou
N,XN, (N, a N, - celé ¢isla)

Priklad:

cos(7 [ny + (7/2)In,) perioda 2x4
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Periodické postupnosti (2/3)
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Periodi Cke postupnosti (3/3)
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2D sUstavy

x(n,n) h( 1) y(n,n)

y(n.ny) =T [x(ny, n, )]

o LS systemy - Linear Shift-Invariance -
linearny systém, invariantny proti posuvu




Linearita
Tlalx (n,ny)+bixy(m,ny )| =aly;(n,ny ) +bly,(ny,n,)

% (ny, ny ) %o (N, ny) - vstupné signaly
i) yo(nn,) - vystupné signaly

T[x (g, nz)] = ya ()
T[XZ(nl’nZ)] = ¥,(m.ny)
a,b - skalarne konstanty

Princip superpozicie a proporcionality
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Tx(n =y, n, =my )] = y(n, —my,n, - my)

Invariantnost’ proti posuvu

Priklady

T[x(n.ny)] = y(n.ny)

X(n,n)

y(n.n) =T[x(n.n )] =x(n.n)g(n.n)

b
7

@ y(n ,nz)\ x(n,n) \
NV

Tg(nl,nz)

a)

()

y(n.n,)

b)

y(n,n)=T[x(n,n)] = X (n,n)
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Impulzova charakteristika (1/2)

Predpoklady
e linearny system
e system invariantny proti posuvu

[] 00 []
Y(nl’”z):T[X(nl’nz)] =Tgy X X(kl’kz)u(nl — kg, Ny - kz)%

[Hg=—c0 ky=—00

Z Zx(k kz)T[U(”l Ky, Ny = 2)]

1ook200
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Impulzova charakteristika (2/2)

h(n, ) =Tlu(ny, ny)]
h(n, —ky,n, —k; )= T[U(nl —kg,n, - kz)]

Y(nl’nz):T[X(nl’nz)]: § gx(kl’kz)h(nl_kl’nz ~k,)

kg=—0c0 ko=—c0

LSl systém je uplne charakterizovany
impulzovou odpoved’ou h(n,,n,)
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2D konvolucia (1/10)

Y(nl’ n2) = X(”l’ nZ)Dh(nL n2) = g § X(k1’ kZ)h(nl —ky,n, - kz)

klz—oo k2:—oo

Vlastnosti 2D konvolucie:
e Komutativnost’

x(ny, )T y(ny,np ) = Yy, np )Cx(my,my )
e Asociativnost

(x(n, ) Cy(ny,my))C 2y, ny ) = Xy, 0y )C (y(ng, g )C 2(ny, 1, )
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2D konvolucia (2/10)

Vlastnosti 2D konvollcie (pokracovanie):

e Distributivnost’
x(n, ) E(y(ny, ny )+ z(my, 0y )) = (x(ng, 1y )C (g, my )+ (x(ny, ny )C 2(ny, 1y )
« Konvollcia s posunutym Kroneckerovym
Impulzom
x(n, 1 )Cu(ny = my, np = mp ) = x(ny = my, n, —my)
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2D konvolucia - graficky (3/10)
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2D konvolucia (4/10)

Graficky postup pri vypocte 2D konvolucie:
e zamena nq, N, v h(ny,n,) a x(ny,n,) za Ky, K,
 zrkadlenie h(k,,k,) proti zaiatku stradnicovej ststavy
* posuv h(-k,,-k,) 0 n; a n, bodov (urcuji miesto, v
ktorom sa pocita konvolucia) v kladnom smere osi k, a
K2
* sUCin prekryvajacich sa bodov postupnosti X(k;,K,) a
h(n,-kq, N-K,) a sucet ziskanych sucinov; vysledkom je
hodnota vystupnej postupnosti y(n,,n,) v bode (n,,n,)
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2D konvolucia (5/10)

Separovatelny LSI systém - h(ny,n,) je
separovatel’na postupnost’

zniZzenie vypoctove] narocnosti pri vypocte
konvolucie

X(Ny,N,) - vstupna postupnost’ rozmeru NxN

h(n,,n,) - imp. odpoved’ rozmeru MxM

x(n,n,)=0 mimo 0s<n<N-1 0s<n,sN-1
h(n,n,)=0 mimo 0sn<M-1 0<n,s<M-1
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2D konvolucia (6/10)

Y(nl’ n2) = X(”l’ nZ)Dh(nL n2) = g § X(k1’ kZ)h(nl —ky,n, - kz)

klz—oo k2:—oo

* y(n,,N,) - vystupna postupnost’ rozmeru
(N+M-1)x(N+M-1)

 pocet aritmetickych operacii - (N+M-1)?M?
(1 aritmetick& operacia - 1 nasobenie a 1
sCitanie)
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2D konvolucia (7/10)

n  x(n,n) AN h(n,n)

(M-1) .

0 (N-1) n 0 (M-1)

=1

a) b)

n y(n,n)=x(n,n)*h(n,n)
(N+M-2)

0 (N+M-2) n,

27



2D konvolucia (8/10)

* h(ny,n,) - separovatelna

h(n,,n,)=h(n)ih,(n,)
h(n)=0 mmo Osns<M-1
h,(n,)=0 mimo O<n,<M -1

yun)= 3 3 ekdnf -k, k)
= 3 hlu-k) Y k) -ko)

f(k,,n,)= ix(ki,kz)hz(nz -k,) - 1D konvolUcia pre pevné k,
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2D konvolucia (9/10)

y(n,n,)= ihl(nl—ki)f (k.n,) - 1D konvoldcia pre pevné n,

Pocet aritmetickych operacii
¢ NM(N+M-1)+M(N+M-1)?
e Uspora:

_ (N+M -1fM?2
K =
NM (N +M =)+ M (N +M -1}
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2D konvolucia (10/10)

NXN  MxM  Nesep. Separ. K
256x256 3x3 599076 397836 1.51

256X256  5X5 1690000 670800 2.52
256x256 /x/ | 3363556 950012 3.54
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Diferen¢na rovnica

b(k;, k5 )yl —ki,n, =k, )= alki, k> )x(n, —kq;,n, —k
(kl’k%j% (1 2) (”1 1, N2 2) (kl’k%jé (1 2) (nl 1, N2 2)

a(ki,k;) bk, ky) - redlne postupnosti s kone¢nym poctom
nenulovych hodnot

Ry, Ry - oblast’ (ky,k,), kde je a(k,,k,), resp. b(ky,k,)
nenuloveé

y(n,n, )= akq, ko )x(m = kg, ny — ks )= b'(ky, ko ) y(ny — kg, 0y —ks)
(nl 2) (kl’k%jé (1 2) (nl 1, 2) (kl’k%j% (1 2)( 1, Mo =Ky
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Fourierova transformacia (1/8)

e Dopredna FT:

R _iom —ia,n, SPektrum analyzovane)
X@.05)= 5 5 xminp)e e postupnosti

e Inverzna (spétna) FT:

1 T T ] _
[ [ X©@.0,)e/ e da, do,

Q=—mQo=—m

x(n.ny)= (o7 5

h(m.n,) «  H(Q.Q,) Frekvenéna char. LS| sUstavy
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Fourierova transformacia (2/8)

* X(ny,N,) - fcia (realna) diskr. prem. ny, n,
o X(Qq,Q,) - fcia (komplexna) spoj. prem. Q,, Q,

X(Q,Q,)= ‘X(QL szjex (@1.02) - Xr(Q1, Q)+ X, (Q1,Q5,)

Speld S doretnei post i je spoits.
Speld fdaretne: post i i periodide s
periodou 27zx 2r.

X(Q1,Q,)=X(Q +27,9,)= X(Q,,Q, +27)
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Fourierova transformacia (3/8)

Zakladné vlastnosti:
FOdw o b= X(@Q.Q,)  a Flylun}=Y(Q1.Q,)
e Linearita
alx(n,n,)+biy(n,n,) o alX(Qy,Q,)+blY(Q,Q5)
e Konvolucia

X m)Cy(.ny) - X(Q1,Q,)Y(Q.Q,)

 Nasobenie
X))yl ) o X(Q1,Q,)CY(Q1,Q,)
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Fourierova transformacia (4/8)

Zakladne vlastnosti (pokracovanie):

e Separovatelnost
X(mp)=xmho(n)  «  X(Q1Q,)=Xi(Q1)X,(Q,)
e Veta 0 posunuti

X(-mun-m) e X(QqQp ) I %meri%m
e 1Y g=I¥on, X(nl, n2) o X (Ql -0, - qu)

e Parsevalova teorema
00 00 1 JT JT

> ZX(nLnZ)y(nl’nZ): I J.X(QLQZ)Y(QI’QZ)dgl dQ,

Mh=—0 MNy=—00 (277-)2 Q=—mrQo=—m
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Fourierova transformacia (5/8)

Zakladne vlastnosti (pokracovanie):
 Parsevalova teorema (pokr.)

S Sheumlegls [ [x@u0.) ad;
W= Mp=mee (277) QO=-1Q,=-11
e Symetria
xCrenp) e X(£Q.9y)
x(o-mp)  X(Q-Q,)
x(-rnp) e X(-Q;,-Q,)

x(ng,n,)

X(-Q1,-Q,)
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Fourierova transformacia (6/8)

Zakladne vlastnosti (pokracovanie):
e Symetria (pokr.)

x(mom)ireal o X(Q,Q;)=X(-Q1,-Q,)
Xr(Q1,Q5) [X(Q,Q,) - péarne symetrické

X, (Q1,95) 64 (Q1,Q,) - neparne symetrické
x(ny,ny):reélne,pame o X(Q,Q,): redlne, parne
x(ny, N, ):reélne,neparne X (Qy,9Q,):imag.,nepéarne
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Fourierova transformacia (7/8)
Priklad:

()= Sull )= (U + L) u(py =L )+ (e 1)+ ey, mp 1)

X(Q,Q,)= % +%cos§21 +%COSQZ
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Fourierova transformacia (8/8)

IX(€2,€)]




2D Z-transformacia (1/3)

X@z)= Y 3 xwn)i"s"

Zl - I‘l @le , ,
o. - komplexné premenne
Z, =1, (@12
Akr=r,=1, tak

X(Zl,zzizlzeml,zfejczz = > Xx(nr”z)zl_mmlzgmznz = X(Q1,Q5)

M=—00 Ny,=—00

- frekvencna charakteristika x(n,,n,)
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2D Z-transformacia (2/3)

Zakladné vlastnosti:
Z{x(m.m)=X(z.2) a Z{ylhm}=Y(z.2)
e Linearita
alx(n,ny)+bly(n,n,) o alX(z,2)+blY(z,2,)

« Konvolucia
x(.np)Cy(n,ny) o X(z.2)Y(z,2,)
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2D Z-transformacia (3/3)

Zakladne vlastnosti (pokracovanie):
» SeparovateI'né postupnosti

a)ie(n) o X(2)Xa(z)
e Posuv postupnosti
X(p-mpnp-mp) e X(z,2) 7™ ™
e Symetria

crvmp) - xlghzY
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Prenosova funkcia (1/8)
" ijb b(k1 k2)Y(n1 Ky, Ny —kz)— k%jé a(kl,kz)x(nl—kl,n2 —k2)

§ § Z)jz b(kl,kz)y(nl—kl,nz —kz)zl_nlzz_n2 =

g =—o0 Ny =—oo (kg k;

00

alk,, k- )x k n —n2
n1“°°”2—‘°°(k1 5]2 ( 2) (nl 2 2)21

yybloke)Va kst = 3 salk)X (k2"
(ke ko IR, (ky.ko IR,
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Prenosova funkcia (2/8)

Y(2.2) _ (K z)3Z ko) _ _Alz,2)
X(z.2,) g)jzb(k kz)zlk e B(z,2)

H(z.2,)=

Z)]Z alky, k2)zl 12,2 = Az,2,)

(k.

Xﬁzb(k 1.k2)7 92, = B(z,2,)
Vzt'ah medzz prenosovou fciou a1mpulzovou
charakteristikou

H (Zl, 22) = Z{h(nl, n, )} — E E h(nl, n, )Zl—nlzgn2

My =—00 Ny =—00




Prenosova funkcia (3/8)

Frekvencna charakteristika LS| sUstav

H (2, Zzi 2=l 7 —ei®2 H(Q1,Q,)

Q, ZZITL, Q, =2 f2

VZ1 1:VZ 2

Normované kruhoveé frekvencie

fvz1, fvz2  VVzorkovacie frekvencie
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Prenosova funkcia (4/8)
Priklad

1+2z1 TS, TSMLE
H(z,2,)= : 1 x(wp)={¢ e~ T
1-.4 +,5 +.%"
2 8
y(ny,np)="7
B 1+2z* _Y(z,2)
H(Zl’ZZ)_ 1 4. 1 4 1 5 X(Zl,zz)

1-—z "+ 2,7+ _7Z
A T2 2

1 _ 1 _ 1 _ _
Y(Zl1 Zz)_a leY(Zl’ Zz)"' 2 ZzlY(Zl, Zz)"' 3 ZZZY(Zl’ 22) = X (21’ 22)"' 27X (21, Zz)
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Prenosova funkcia (5/8)

Pomocou inverzne| Z-transformacie

1 1 1
V(0w )= 2y 1)+ Sy m 1) Ly, ~2) = X 260 -1m,)

1 1 1
y(ny,n,)= > y(n -1 nz)_z y(n,m, _1)‘§ y(ny,n, - 2)+f<(nl= n,)+2x(n -1, nz)

0(”1:”2) i(annZ)
11 41 ) Vplyv vystupného
o(ny,n,)= 2Y(”1 Ln,) 43’(”1’”2 ) 8y(n1,n2 2) signalu

i(ny,np)=x(ny,n,)+2x(n -Ln,)  Vplyv vstupného signalu
y(m,n,)=o(ny, np ) +i(ny,ny)
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Prenosova funkcia (6/8)

Vystupna a vstupna maska

ATl

—.(1/2))(

(-1/4)
L

(-1/8)

Vystupnd maska

>
n

@ [

Vstupna maska

SV
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Prenosova funkcia (7/8)

ATl

J72)

(-1/4)
]

JSTONR

nl

a) Vystupna maska v bode (3,2)

AN y(n.n)
ON
. @2 g cus %
/7 (-1/8)
® ® ® \'J n>

AN,
@ [

»
n

b) Vstupna maska v bode (3,2)

AN x(n,n)
(2) e o
(1)@
[ ] ® [ o
@ @ @ @ n>

¢) Princip vypoctu hodnoty vystupného signélu v bode (3,2)
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Prenosova funkcia (8/8)

ATl
4(1/2) 23 > 4(2) ‘(1) >
n n
(-1/4)
[
(-1/8)
Vystupna maska ] Vstupné maska
Anz : Y(nl,nZ) . M )

(-0.27) (-1.02) (-1.59) (-1.66)

[ o o [

(0.69) (2.28) (2.78) (223) " *°
[ ) ® o [ ]

(0.75) (25) (3.06) (2.44)
@ ® ® ®

nl
(1) (35 (475) (4.38)
[ ] o ® ®




LS| sUstavy - suhrn

2D konvolucia

y(n,ny) = x(ny, n, ) Oh(ny, 0y ) = Z Zx(k i, )h(n, — kg, n, —ky)

ky=—co ky=—co

e DiferenCna rovnica

y(ny,nz)= o ZjRa a(kl ko )x(ny =k, np —kz)- o ijb (ke ko) (g~ mp —kz)

Prenosova funkcia
Y(ZL Zz) =H (21’ 22)X (21’ Zz)

ol



