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(I) 1D konvolúcia

Defińıcia 1 (Defińıcia konvolúcie – spojitý pŕıpad). Konvolúcia dvoch spojitých signálov f(t) a g(t) je taká operácia ∗, pre ktorú

plat́ı

f(t) ∗ g(t) ,

∫ ∞

−∞

f(τ)g(t− τ)dτ

Defińıcia 2 (Defińıcia konvolúcie – diskrétny pŕıpad). Konvolúcia dvoch diskrétnych signálov f [n] dĺžky N a g[n] dĺžky M je

taká operácia ∗, pre ktorú plat́ı

f [n] ∗ g[n] ,

∞∑

k=−∞

f [k]g[n− k]

Poznámka:

1.
∑∞

k=−∞ hovoŕıme o nekauzálnom nekonečne dlhom systéme,

2.
∑∞

k=0 hovoŕıme o kauzálnom systéme nekonečnej dĺžky,

3.
∑K−1

k=0 je kauzálny systém dĺžky K.

Vlastnosti konvolúcie

1. f(t) ∗ g(t) = g(t) ∗ f(t) (komutat́ıvnost’)

2.
(

f(t) ∗ g1(t)
)

∗ g2(t) = f(t) ∗

(

g1(t) ∗ g2(t)
)

(asociat́ıvnost’)

3. f(t) ∗
(

g1(t) + g2(t)
)

= f(t) ∗ g1(t) + f(t) ∗ g2(t)

(distribut́ıvnost’)

4. d
dt

(

f(t) ∗ g(t)
)

= df(t)
dt

∗ g(t) = f(t) ∗ dg(t)
dt

(derivácia)

5. f(t) ∗ g(t) = f(t) ∗ g(t) (konjugácia)

6.
(

f ∗ g
)

(t + s) = f(t + s) ∗ g(t) = f(t) ∗ g(t + s)

(posunutie konvolvovaného signálu sa rovná posunutiu

vstupného signálu)

7. f(t) ∗ f(t) ∗ f(t) · · · = N (µ, σ2) (viacnásobná

(auto)konvolúcia vedie ku gaussovskému rozdeleniu

(centrálna limitná veta))

Vlastnosti súvisiace s č́ıslicovým spracovańım signálov

1. f(t) ∗ δ(t+ s) = f(t+ s) (konvolúcia s impulzom =

all-pass filter)

2. f(t) ∗ h(t) = y(t) (vzt’ah medzi vstupom f(t)
a výstupom y(t) lineárnej sústavy s impulzovou charak-

teristikou h(t))

3. F {f(t) ∗ g(t)} = F {f(t)}F {g(t)}
(Fourierova transformácia konvolvovaných signálov sa

rovná súčinu transformovaných signálov.)

4. f(t) ∗ g(−t) = korel (f(t), g(t)) (korelácia)

5. d́lžka
(

f [n] ∗ g[n]
)

= N + M − 1 (dĺžka kon-

volvovaného signálu sa rovná súčtu dĺžok jednotlivých

signálov - 1 (signály konečnej dĺžky))

I.I Maticový zápis

Ak f [n] a g[n] sú d́lžky N , resp. M , môžeme konvolúciu zaṕısat’ v maticovom tvare. Výsledný signál bude mat’ vel’kost’ N +M −1.

y[n] = f [n] ∗ g[n] ,

∞∑

k=−∞

f [k]g[n− k] = N +M − 1
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V pŕıpade kauzálneho systému h[n] d́lžky K a d́lžky vstupného signálu M
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alebo vektorovo zaṕısané

y = Hx

.

Matica H je vélkosti M ×M a určuje vzt’ah medzi vstupným signálom x[n] a výstupom y[n]. Podobne x = H−1y.

J.Slučiak, 2010
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Pŕıklad 1: Majme signály f [n] = {1, 2}, g[n] = {3, 4, 5} Nájdime výsledok konvolúcie f [n] ∗ g[n].
Riešenie:

1. Podl’a defińıcie

y[0] = f [0]g[0] = 1.3 = 3
y[1] = f [0]g[1] + f [1]g[0] = 1.4 + 2.3 = 10
y[2] = f [0]g[2] + f [1]g[1] = 1.5 + 2.4 = 13
y[3] = f [1]g[2] = 2.5 = 10

2. Maticovo:






1 0 0
2 1 0
0 2 1
0 0 2
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 =
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13
10







︸ ︷︷ ︸

f [n]∗g[n]=y[n]

Výsledok: y[n] = {3, 10, 13, 10}; vel’kosti: N = 2, M = 3 ⇒ N +M − 1 = 4. (Graficky obr. 1).
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(a) Originálne signály f [n] = {1, 2}
a g[n] = {3, 4, 5}
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(b) Otočený signál f [n] � f [−n] = {2, 1}. y[0] = 1.3 = 3
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(c) y[1] = 1.4 + 2.3 = 10
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(d) y[2] = 1.5 + 2.4 = 13
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(e) y[3] = 2.5 = 10

Obr. 1: Pŕıklad konvolúcie. f [n] = {1, 2}, g[n] = {3, 4, 5}, y[n] = {3, 10, 13, 10}

Pŕıklad 2: Majme vstupný signál x[n] = {1,
√
2
2 + 1, 2,

√
2
2 + 1, 1, 1 −

√
2
2 , 0, 1 −

√
2
2 } a FIR filter

s impulzovou charakteristikou h[n] = {1,−1}. Nájdime odpoved’ tohto systému na vstupný signál

a určme typ filtra.

Riešenie:
y[n] = h[n] ∗ x[n] = {1,−1} ∗ {1,

√
2
2 + 1, 2,

√
2
2 + 1, 1, 1−

√
2
2 , 0, 1−

√
2
2 } =

=
{

1,
√
2
2 , 1−

√
2
2 ,

√
2
2 − 1,−

√
2
2 ,−

√
2
2 ,

√
2
2 − 1, 1−

√
2
2 ,

√
2
2 − 1

}
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(b) Výstupný signál y[n]

Filter h[n] „poč́ıta” rozdiely po sebe idúcich vzoriek, t.j. y(n) = x(n) − x(n − 1) (nazýva sa aj first-

difference filter ), a ako vidiet’ odstraňuje jednosmernú zložku, ide teda o vel’mi jednoduchý (a zlý)

hornopriepustný filter (magnitúdová charakteristika je M(Ω) = 2 sin
(
Ω
2

)
.)

J.Slučiak, 2010
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(II) 2D konvolúcia

Defińıcia 3 (2D Konvolúcia – diskrétny pŕıpad). Podobne ako pri jednorozmernej konvolúcíı (Def. 2), definujeme dvojrozmernú

konvolúciu dvoch dvojrozmerných signálov

f [n1, n2] ∗ g[n1, n2] ,
∞∑

k1=−∞

∞∑

k2=−∞

f [k1, k2]g[n1 − k1, n2 − k2]

Ako funguje 2D konvolúcia:
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(b) Jeden signál (l’ubovol’ný) posunieme a prekloṕıme okolo ośı n1 a n2.
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(g) y[0, 1] = 3.4 + 1.7 = 19
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(i) y[2, 1] = 3.6+4.5+1.9+2.8 = 63
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(k) y[0, 2] = 3.1 + 1.4 = 7
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(l) y[1, 2] = 3.2+4.1+1.5+2.4 = 23
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(m) y[2, 2] = 3.3+4.2+1.6+2.5 = 33
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(o) y[0, 3] = 1.1 = 1
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(p) y[1, 3] = 1.2 + 2.1 = 7
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(q) y[2, 3] = 1.3 + 2.2 = 7

Výsledok
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(r) y[3, 3] = 2.3 = 6

Pŕıklad 3: Majme masku (2D signál) f [n1, n2] = 1
9

[
1 1 1
1 1 1
1 1 1

]

a g[n1, n2] (obrázok (a)). Nájdite

výsledok konvolúcie týchto dvoch signálov.

Riešenie:

Ako vidiet’ signál f [n1, n2] (maska) spriemerováva (napr. y[5, 5] = 1

9
(1.g[5, 5] + 1.g[4, 5] + 1.g[3, 5]+

+1.g[5, 4] + 1.g[5, 4] + 1.g[4, 4] + 1.g[3, 4] + 1.g[5, 3] + 1.g[4, 3] + 1.g[3, 3]) susedné bloky g[n1, n2], č́ım sa

„vyhladil” šum pozadia.

(a) Vstupný 2D signál g[n1, n2]

∗ 1
9





1 1 1
1 1 1
1 1 1



 =

(b) Výsledok konvolúcie

J.Slučiak, 2010
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Odkazy

• 2D Konvolúcia I

• 2D Konvolúcia II

• Konvolúcia - wikipedia

• Properties of convolution I

• Properties of convolution II

• Creative convolution

• Creative convolution – audio files

• Zaostrovanie obrázkov pomocou konvolúcie

• Efekty na obrázkoch pomocou konvolúcie

• Matrix convolution filters

• Filter JAVA applet

J.Slučiak, 2010

http://graphics.stanford.edu/courses/cs178/applets/convolution.html
http://www.songho.ca/dsp/convolution/convolution2d_example.html
http://en.wikipedia.org/wiki/Convolution
http://www.uh.edu/phys7397/slide4.pdf
http://www.dspguide.com/CH7.PDF
http://www.soundonsound.com/sos/sep10/articles/convolution.htm
http://www.soundonsound.com/sos/sep10/articles/convolutionaudio.htm
http://www.roborealm.com/help/Convolution.php
http://wally.cs.iupui.edu/n351/raster/filterDemo.html
http://www.gamedev.net/reference/programming/features/imageproc/page2.asp
http://www.falstad.com/dfilter/
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