Priklady z Matematiky 3

Prvy tyzdeii

. N4jdite modul, hlavni hodnotu argumentu a zobrazte v komplexnej rovine
nasledujice komplexne &isla:

(a)

(b) —2

(c) —4,[4, m]
(@) #.[1,7 ]

. Zapiste nasledujice ¢isla v trigonometrickom a exponencidlnom tvare:

. Vypocitajte a napiste v algebrickom tvare:

(a) (1+v3i)", [-8]

(b) G505 (-1 — )

. Najdite vsetky korene rovnic a zobrazte ich v komplexnej rovine

(a) z3:i{w1—‘f—|— f—&- wgz—i.}
(b) 2,'4:—1,[11.)1:\é§+\é§i,w2:—§+ﬁi,w3: g f :@—gi.}
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(c) z* = 1—V3i, | ws = \‘Vﬁ(cos (11”) + isin (1—2”)) Wy = \f( (— 5 5
alebo wy = /2 (cos (& ’T)—l— L;) .

(d) 2*=1,[wy, = 1wy =4, w3 = —1,wy = —i.]

(e) 22 = —1. [wl =1 +z’§,w2 =-lws =3 —z?}



2 Druhy tyzden

Vypocitajte krivkové integraly

1.

10.

11.

12.

Jo %_yds,kde C je tsecka od bodu [0, —2] po bod [4,0]. [v5In2.]
fC xds, kde C je ¢ast paraboly y = 22 medzi bodmi [2,4] a [1,1]. [@}
fc 22ds,kde C je cast' grafu y = Inz,kde 1 < 2 < 2. {M}

Jo Va2 +y2ds, kde C je kruznica 2% 4 y* = z. [2/]

fc (;102 + y2) daz+(m2 — y2) dy,kde C je ¢ast grafu funkciey = 1—|1 — z|, 0 <

x < 2, so zaciatoénym bodom [0, 0] . [%]

fC (x2 — me) dz + (y2 — 2xy) dy,kde C je krivka y = 22, z bodu [~1,1]
po bod [1,1]. [—13.]

fc ydx + xdy,kde C je ¢ast’ kruznice x = acost,y = asint, t € <0, %>,
kde [a, 0] je zaciatoény bod. [0.]

Zistite, ¢i su nasledujice integraly zdvislé od integracnej cesty:
Jo 2z + 3y) dz + (3z — 4y) dy.

Jo (z* + 4ay®) da + (622y* — 5y*) dy.

Pouzitim Greenovej vety vypocitajte integraly:

/. c y2dz + zdy, ak C je hranica stvorca ohrani¢ens priamkami z =1, z =
-1,y =1, y = —1, ktord je kladne orientovand. [4.]

Jo L arctg Ldx + %arctg 2dy, kde C' je hranica oblasti 1 < 2?2 4+ y? <
4, ¢ < y < v/3z, ktord je kladne orientovana. [% In 2.]
Jo (32 cosy — y3,2® — 2®siny) ds, kde C je kladne orientovand krivka

dand vztahom z? +y? = 1. [37]



Treti tyzden
1. V tdlohéch 1 - 5 zistite, akd mnozina je urc¢end danym vztahom. Jej obraz

nacrtnite v komplexnej rovine.
2. |z—z9| =7, r >0, z0jepevny bod. [Kruznica so stredom zy a polomerom 7]
3. lz+il+ |z -1 <4 {Vm’ltro elipsy % + % = 1]
4. |z + 2| > 1. [Vonkajsok kruznice so stredom S = (—2;0) a polomerom r = 1]
5. |z —2| < |z|. [Polrovina Rez > 1.]
6. Im (%) =2. [z # 0, kruznica so stredom S = (0, —i) a polomerom 7 = i]

7. Zistite, ¢ su nasledujice mnoziny oblasti. (Nag¢rtnite ich v komplexnej
rovine):

1 <]z —1] <3, [nie]

3
4

0< |z —2] <3, [4no]

)
)
c) § <argz < [nie]
)
)

Re z < 2. [4no]

8. Néjdite limity postupnosti {z,} -, , ak

n=1~>

@) 2= (14 )" + g, [+ 4
S

(c) zn =ntg4 + (1+ %)ni, (3 +iet]

(b) z, =2nsin

9. Zistite, ¢i rady Y .- z, konverguju, alebo diverguju
__ sinn4icosn [
= n3 )

absolitne konverguje]

(b) z, = m + tg 5igrd, [absolitne konverguje]

(c) zn = "T'H—l-%i, [diverguje, ndvod rad Y7, ":1 nespliia nutni podmienku konvergencie

10. Vyjadrite redlnu a imagindrnu ¢ast’ funkcie:
2
(a) f(z) =€,
{Ref () = e =" cos 22y, Im f (2) = e’ ~v” sin 2xy}

(b) f(z) = 2?sinz,
Ref(z) = (a:2 — y2) sin x cosh y — 2zy cos x sinh y,
Im f(2) = (Qxy sin x coshy + (:c2 - yz) cos x sinh y) .



11.

12.

13.

14.
15.

16.

17.

18.

19.

20.

21.

(©) f(2) =tgz

_ sin x cos x
Re f (Z) "~ cos? z cosh? y+sin? zsinh? y? ]

_ sinh y cosh y
Im f (2:) T cos? x cosh? y+sin? z sinh? y

(d) f(z)=22—2+1,
Ref(z)=22—y* —2+1,Imf(z) = 22y — y|

(e) f(2) =1,
[Re f () = 2, Im £ (2) = — 2tz |
(f) f(2) =[z[+Rez.
[Ref(z) =vz2+y?+z,Imf(2) :O] )
V 1tlohdch 10 a 11 ndjdite defini¢ny obor funkcie f :
f () = S22t [ (f) = o\ {V2eiE, Y2e¥ |
() = m=m e
(D =c\({zeClzl =3y {¥28 +i 92, 326192 i3}
V dlohéch 12 - 14 vypocitajte funkéni hodnotu funkcie f v éisle zg :
1 (@) = =m0 =i [~
f(2) =2z4+7% —Re(22) —Im(22), 20 = 8 — 6i. [—64 + 904]
f(z) =argz

(a) zo =8 — 6i. [— arctg (%)]
(b) z0 = —142i. [1 — arctg?2]

V dlohéch 15 - 20 vypocitajte limity:

22 —iztz—i [717]

lim, i =555

im, —oti 550757 1710

fz‘]

+i

3
Biz=6it+3  [6-3i]

1

2

. 224 (2—i)z—2i
lim, . % [
. 23

hmz_,o W [O]

. 2 , . . , . ., . . s - . . . .
lim,__,o \jﬁ [Ndvod:vyjadrite redlnu a imagindrnu ¢ast’ funkcie, potom ukézte, ze limita neexistuje.]

V tlohdch 21 - 23 vySetrite spojitost’ funkcie f :



22.

23.

24.

25

26

f(2) = 1. [Spojita v C\ {1}]

f(2) = 14z [Spojita v C\ {~4,4}]

re={ 5 ZZY - Beiav 0\ ()]

V tlohdch 24 - 25 zistite, ¢i je mozné dodefinovat funkciu f v bode z( tak,
aby bola spojitd v tomto bode:

fC\{0,14+i} — C, f(2)

S fC\{d+i} —C, f(2) =

3

22—2—1iz

22 —(342i)2—64Ti

z—4—1

= L= oietiamidl 0 14 [Je mozné, ak f(1+1) =3 (1+41)]

2

, 20 = 4+1. [Nie je mozné, lebo flim, .41, f (2) = o]



4 Stvrty tyzden
1. Néjdite obor konvergencie mocninového radu:

(@) Szt [K(0.1) = {z € G Jo| < 1)
(b) 02, n™z". [konverguje len v strede a = 0]

(¢) Sopoy 22" [K(0,e) ={z € C; |z| < e}]

(d

(

(

2n1

)

)

) 2o T A" K (0,1) = {2 € C; |2| < 1}]
) 2oy 3w 2" [K(0,2) = {z € C; [2] < 2}]
)
)
)

@

£) oo 272, [K(O,\/?):{ZEC;|Z\<\/§}]
(g8) Yoo 0cos(m)z”. [K(0,1)={2€C; 2| < 1}]
() Y5, S (= 140)"
[K(1—-i,3) = {z€C|z—1+l|<3}]
() S0, (1-2)" (- 20)"
(K (2i,€?) = {z € C; |z — 2i| < €?}]
() Yoneo B (2 +4)" - [K (=,2) = {2 € C; |z +1i] < 2}]
(k) Yoo (551)" [K(1,5)={z€ C: [z — 1] < 5}]

() 02y ey (2 430",

K (30 &) = {ze iz +3il < %}
(m) Y52, o (32)"
[K(1-i,v/10) = {2 € C: |z —1+i] < V10}]
m) >0 (32)" [K(1,5)={2€C:|z— 1] < 5}]

2. Vypocitajte funkéné hodnoty:

(a) In(=1), [i7]

(b) In (i), [-gin]

(¢) In(1—+3i). [§Ind— Lin]

(d) In(-3) [In3 4+ ix]

(e) In(5i) [In5+iZ]

(f) In(2) [In2]

(g) In(e) [1]

(h) In(2+26) [In(V8) +iZ]

(i) In(—2+2i) [In(V8) +i3r]

() In(=2=24) [In(V8) +i(-%F)]
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3. N4jdite vsetky rieSenia z rovnic:

(a) e* =—1, [{ir (L +2k), k € Z}]

(b) e* = —i, [{im (=3 +2k), k € Z}]

(c) e#=1- V/3i. [{2 In4 — 7177—1—21@7” ke Z}]
4. Vypocitajte hodnoty:

(a) ez, [ie?]

(b) €*™, [e?cos1 + ie?sinl]

(c) i’ [6_%”]

(d) (=3i)% [e™ [cos (In9) + isin (In 9)]]

(e) it [ie %]

(£) @5 [eos () +isin (57)]

(&) (1= [2¢¥sin (In (v2)) — icos (In (v2))]

(B) (149)* [2(cos (5) +isin (5))]

i) (1+iv3)"" [4eF (cos (X —In2) +isin (2 —n2))]

5. Vypocitajte hodnoty:

(a) siné, [isinh1]
(b) cos(1—14). [coslcoshl+ isinlsinhl]
(c) sin (2 — 37)

sin 2 e3+6_3 cos2(ed—e 3 . A .
{ (2 )—z (2 )—s1n2cosh3—zcos2s1nh3

(d) cosi [6712“ = cosh 1}



(e) cos(4+14) [cosdcoshl —isin4sinh 1]

. e2 sin4+i(1—e2 cos 4
(f) tg (2 - Z) e2 cos 4+(1+i62 sin4)

(g) cotg (% —4ln 2) [%]




Piaty tyzden

. Dan4 je funkcia f (z) = zz222+_11+z Najdite:

(a) defini¢ny obor; [C\{\“/Qe 4[5 hr i H
(0) 1177 6) [F7() = T £ @) = —4+]

. Vypoéitajte derivdciu funkcie f (z) = 52-. [D(f) =C\{2i}=D(f"), f'(2)= (21.‘2)2
V 1tlohéch 3 - 8. pre funkciu f

(a) zistite, kde existuje derivécia,
(b) n&jdite f ' v bodoch, kde existuje,
(c) vySetrite, kde je f analytickd (holomorfnd)

a. f'existujena M ={z € C:Imz = Rez},
- f(2) =2 +ay b. [/ (2) =f' (2 +1iy) = 2z,
c. nie je analytickd v ziadnom bode

a. [’ neexistuje v ziadnom bode,

. f(z)=|7|. b. f'(2)3,

c. nie je analytickd v ziadnom bode.

a. [/ existuje na C,
CfR) =22+ b. f'(z) =322+ 1,
c. je analytickd na C.

a. f ' existuje len v bode z = 0,

. f(2) =zRez. b. f'(0) =

c. nie je analytickd v ziadnom bode

a. f ' existuje na C,

CfR)=fatay) = ey +2z - D+i(y? —a® +2y). | b f/(2) = f" (v +iy) =2y +2) —i(22),
c. je analytickd na C.

a. [/ neexistuje v ziadnom bode,

. f(z) = (e cosy)—i(e”siny). b. f'(2)%,

c. nie je analytickd v ziadnom bode.
V dlohdch 9 - 22 n4djdite na A C C analyticki (holomorfni) funkciu
f(z) = f(z+iy) = u(z,y) + v (z,y), ak je dand jej jedna zlozka a
pripadne funkénd hodnota v jednom bode:
cu(z,y) =2 = 3zy?, (i) =0
[f (z) = m+7jy) = (2% = 3zy?) +1i (32%y — > + 1)]



10.

11.

12.

13.

14.
15.

16.

17.

18.

19.

20.

u(x,y) =2? —y* +zy, f(0)=0.
[f(z):f(x—l—iy):(ccz—y2+xy)+i(2xy+y;—%2)]
v(x,y) =% —y? -3z + 2zy, u(2,1) = 0.
[u(z,y) = 2° —y* — 2zy + 3y — 2]
v(x,y) = 2e*siny, f(0) = 1.
[f (2) = f(z +iy) = (2¢” cosy — 1) + 1 (2" siny)]
v(z,y) =In (2% +y%) + o —2y.
u(z,y) = —2arctg (£) —y — 2z + k, alebo
u(xw)z?aretg(%) —y—22+ K
u(z,y) =e® (xcosy —ysiny), pricom f (0) =0.[f : C — C, f (z) = ze?]

Ukdzte, ze u(x,y) = zy je harmonickd funkcia a ndjdite harmonicky
zdruzenu funkciu.

[f:R2 — R, v(x,y):—% (J:Q—yQ)—i-C]

Ukézte, ze u (x,y) = 2 —y* + 2y je harmonickd funkcia a ndjdite harmon-
icky zdruzent funkciu. [f:R? — R, v (z,y) = 2zy — 3 (22 — y?) + C]

Ukézte, ze u (z,y) = 23 +6x%y—3zy? —2y3 je harmonickd funkcia a néjdite
harmonicky zdruzend funkciu. [f : R* — R, v (z,y) = —22% 4 322y + 6zy® — y* + C]

Ukézte, ze u (x,y) = v*—622y?+y* —2 je harmonicks funkcia a néjdite har-
monicky zdruzenu funkciu. [f :R? — R, v(z,y) = 423y — day® —y + C’]

Ukézte, ze u(x,y) = 77152 Je harmonickd funkcia a ndjdite harmonicky
zdruzenu funkciu. [f :R2\ {(0,0)} — R, v(z,y) = —mre t C]

Ukézte, ze u (z,y) = ze® cosy — ye” siny je harmonickd funkcia a néjdite
harmonicky zdruzend funkciu. [f : R* — R, v (z,y) = ye” cosy + ze” siny + C]

10



10.
11.
12.

13.

14.

15.

16.
17.

Siesty tyzden

. Vypocitajte integrdly: (@ je kladnd orientdcia, © je zdpornd orientdcia

krivky C.)
fc zsin zdz, C je usec¢ka od bodu 0 po bod i. [—ie’l]
Jo Rezdz, C je tsecka

(a) od bodu 0 po bod 1 + 3. [% + %}
(b) od bodu —1 po bod 1+ 4. [0]

e (2)%dz, C : 2(t) = t + i%, ¢t € (0,3) orientovand sihlasne s paramet-

- . . 10(3—i)
rickym vyjadrenim. [f}

Jo Ldz, C je tsecka od bodu 1 po bod 1 +i. [In (V2) +i%]

fc e*dz, C je lomend krivka, ktord sa skladd z dvoch tsecick: prva so
zaciatoénym bodom 0 a koncovym bodom %, druhd so zac¢iatoénym bodom
1 a koncovym bodom 1 +4. [1+ (e —2) (cos1 — isin 1)]

Ldz, C 12| =2, Imz < 0 od bodu —2 po bod 2. [ir
C z
Jo |2l dz, kde

(a) C:|z|=1,Imz >0 od bodu —1 po bod 1. [2]
(b) C:|z| =2, Rez <0 od bodu —2i po bod 2i. [8i]

JoZ|zldz,kde C : |z| = 1, Rez > 0 od bodu i po bod —i a usetka od
bodu —i¢ po bod i. [—in]

JoRezdz,kde C': |z| =1, ©. [—in]

szImzdz,kde C:|z| =2,Imz >0 od bodu —2 po bod 2. [%}

Jo £dz,kde C': |z] =2, Imz > 0 od bodu 2 po bod —2 a usetka od bodu
—2pobod —1lalz]=1,Imz >0 od bodu —1 po bod 1 a tsec¢ka od bodu

1 po bod 2. [%]

V prikladoch 13 - 17 pomocou Cauchyho integrilnej vety vypocitajte in-
tegrily po jednoduchych, po ¢astiach hladkych, uzavretych, kladne orien-
tovanych krivkéach:

Jo Tl-s-ldz7 C= {z €C:(Rez)’ +4(Imz)* = 1}. [0]

Jo jzfi’dz, C= {z €C:4(Rez)’ +16(Imz)* = 1}. [0]

fC e:j_fildz, C:|z| = % [0]

Jo4de C o2+ 1 = 1. [0

11



10.

11.

12.

13.

14.

15.

Siedmy tyzden

. V prikladoch 1 - 14 pomocou Cauchyho integralnej vety, alebo Cauchyho

integrédlnej formuly vypocitajte integrdly po jednoduchych, po castiach
hladkych, uzavretych, kladne orientovanych krivkéch:

. fc(le cos z dZ,O|Z—2—Z|:\/§ [O]

bll’l z

) fC bmzd C |Zfz|:1 [O]

z+1i

: fc mdz, C:|z| =1.[0]

. fcwdz C - |z|=% [0]

z+1

: fc Mdz C:lz| = % [187i)

z+1

: fC zg%ldza C|Z_2Z| = % [g]

- Jo 74dz, C |z —al=a,a e R, a> L. [if]

2

LG a4 1] = 1. [187i)

z+1

Jp Stldz, C ¢ |z +i| = 2. [27sin1 + 2im (1 + cos 1)]

Jo w=aErnds Otz — 1+l = 2. [ % +if]

Jo 24z, C:|z+i| =1. [insinh1]

__z+2
fC z272z+2d’z’

(a) C:lz—1-2i| =2. [7(3+41)]
(b) C:lz—1+2i|=2. [7 (=3 +1)]

Jo75dz, C iz —1—i| = V2. [@]

Vypocitajte fC ﬁdz, ak C' je jednoduchd, po castiach hladkd, uzavretsd,
kladne orientovand krivka, na ktorej nelezia korene menovatel’a. Vypocita-
korene menovatela: zyp = f (1414), 2 = 7§ (1+14).
a. zp € IntC, z; ¢ IntC {”\—[ 1+ z)]
jte vietky moznosti. b. 2 ¢ IntC, 2 € IntC [ mf( +Z)}

c. zg, z1 € IntC [0]
d. 29, z1 ¢ IntC [0]

12



8 Osmy tyzden

V dlohéch 1 - 2 pomocou definicie najdite Taylorov rad funkcie f so stredom v
bode a a vysetrite jeho konvergenciu:

1. f(2)=sin?z,a=0.

( 1)n+122n 1

[22021 _(T),z%, konverguje na M = C}

2. f(z)=In(iz+2),a=1+ 2i.
[ig +30% (=1)™ L (2 — 1 2i)", konverguje na M = {z € C: |z — 1 — 2i| < 1}}

n

V 1dlohéch 3 - 9 vypocitajte Taylorov rad funkcie f so stredom v bode a
a vysetrite jeho konvergenciu:

3. f(z):Z+2,a—1

n+41

[ +25, 3"+1 (2 —1)", konverguje naM:{ZGC:|z—1|<3}}

4. f(2) = Z_H,a—O
[—1 +23>7, (=1)""" 2", konverguje na M = {z € C : |2| < 1}}

5. f(z) = Z2j_'gz2+4, a=1.

[ 3 o (=D (25 2 ) (2 - 1), ]

konverguje na M ={z € C: |z — 1] < 2}

6. f(Z):m,CLZQ

I ZZO:O( n" (3 5—n—1 3—n—1) (2:_2)7L7
| konvergUJe na M ={z€C:|z—-2| <3}

[, (-EE T T - BE )T ) ()
konvergUJe na M ={z€C:|z—i| <2}

8. f(z):fTJ;ZH, a=1

D (e I (R H R FER VA
konverguje na M = {z € C: |z — 1| < 2}

9. f(z)=e*"2a=1 [e>2 3 (—1)", konverguje na M = C]

n=0 n!
V tlohéch 10 - 29 ndjdite Laurentov rad funkcie f so stredom v bode a
pre medzikruzie P (a,7,R) ={z € C:r < |z —a| < R}.

10. f(2) = 2%*, a =0, P(0,0,00). [3200 L25"]

13



11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

. . — nt
f(z) = z(z++1)’ a =1, P(27071) : |:Z$LO:O (_1)n g(gﬁ

f(z):m’ CLZO, P(Oa]-?OO) [ZZO:

£ = et a =i P (VBo0) - [Ty ]

f (Z) - m’ a= 07 P(0707 1) . [% - ZZOZO <—1)n 22n+1]

1

(2 — i)n—1:|

0 (_1)" Zf2n73]

f(Z) = ﬁ7 a = 07 P(07071) . [Zzoz—l Zn]

F(z) =y, a=1,P(1,0,1). [(z —D)T Y2 (D) (2 1)”]

f(2) = o5, a=—2i, P(—2i,3,00).
f(z):m, a=2i, P(2i,1,00). [

f(2) = z=5,0=1, P(1,0,1). [(-1)

f(2)= ot a=1, P(1,1,00). {z;}m

F) =5t a= -1 P(-1,0,2). 3G+1) 7+ X0 (-)"2" (+ 1)

{Z;i_oo 3i) " (= 4+ 22.)”,1}

220:71 (z —

—n—1_._n_1

i (2 — 22')”71}

1)"]

> (2= 1)"}

fla)= 22 a=-1,P(-1,2,0). [5 G+ 2 (D)2 (a4 1)"}

z -1 e —n n
F(z)= B o= -3 P(-3,0,2). [2(z+3) —3y™ 9 (z—|—3)}

)= Fts a= =3, P(-3,2,00). [2(z+3) 1 +3%0__ 27" (2 +3)"]

f (&) = e a= 0, P(0,1,2). [(-33) Xalod """ = 5 200z ]

5n+1

2% -2z -1 n _2n 0 —n—1_n
F(2) = E52ts a=0, P(0,1,2). [2Zn:_oo(*1) 220 5% 9 12}

f(z)zz%in(%ﬂ),a,:O,P(0,0,oo).

F(z)=2"421—1,a =0, P(0,0,00). [2

14

-1 1—n

[Z;i—oo ((1—)2n)! Z2n+1 - Z:|

1 1
n=—o0 (In2)"

EDE Ynso

(In2)™ n
n!

2 — . 0o n Pt (2—4)ntt
() = 5B, a=2 P (2,0,V5). [(zfQ) Ly (—1)n G et

)

(z

_ 2)”]



10.

11.

12.

13.

14.

15.

16.

17.

18.

Deviaty tyzden

.V prikladoch 1 - 13 zistite druh izolovanych singuldrnych bodov funkcie f

a urcte reziduum funkcie f v tychto bodoch:

f(2) = Z5. [z =3, pdl 1. stupna res.— 3[f (2)] = 9]

z = 2i, pél 1. stupiia res,—y; [f (2)] = =Sin2ticos2

fz)= =eray- | 2= —2i, pol 1. stupiia res,——o; [f (2)
z =0, pdl 2. stupiia res,—o [f (2)] =

= 6
] — sm2 zcosZ

Flo) = 1 z =1, pol 3. stupna res,—; [f (z)] = f’é
(=*+1*" | 2z = —i, pél 3. stupna res.—_; [f (z)] = %
. z =1, pol 2. stupiia res.—1 [f (z)] = =3
fz)= z(;ii';g z = —1, pdl 2. stupiia res.—_1 [f (z)] = -2
z =0, pdl 1. stupiia res,—o [f (2)] =2

fz) = —=243 z =2, pél 2. stupna res.—p [f (2)] = 22
)T 2242 | 4 = —2i, pol 1. stupiia res,—_o; [

~
—
I
|
|
[\
w
&

f(z)= dtz-2zsinz [z =0, pdl 3. stupna res,—o [f (2)]

f(z) =202 [z =0, pdl 1. stupiia res.—q [f (2)] = 1]

f(z) =23%sin (%) . [z =0, podstatne singuldrny bod res.—o [f (2)] = a1 = 0]

I
I
=

f(z) = zsin (ﬁ) . [z = =1, podstatne singuldrny bod res,—_1 [f (2)] = a—; = —1]

f(z) =822 [z =0, odstranitelny singularny bod res,—o [f ()] = 0]

z

f(z) =22 (e% - 2) . [# =0, podstatne singuldrny bod res.—q [f (2)] = a_; = ]

f(z) =2%cos (££1) . [z =0, podstatne singuldrny bod res.—o [f (z)] = a_1 = % sin1]

f(z)=tgz. [z =5 +km, k€Z,pdl 1. stupiia res.—z 1xx [f (2)] = —1]

V prikladoch 15 - 28 pomocou Cauchyho vety o rezidudch vypocitajte in-
tegraly po jednoduchych, po ¢astiach hladkych, uzavretych orientovanych
krivkach C,kde & je kladnd orientdcia, © je zdpornd orientdcia krivky C.
dz,kde C: |z —1—1i| =2, &. [—’T—i]

1
Jo =P 2

fc 2+4 sdz, kde C : @, ktord sa sklad4 z polkruznice |z| = 3, Imz > 0 a

usecky spdjajuicej body —3 a 3. E]

Jo & e 1)3dz kde C': |z| = 2, ®. [27i]

15



19.

20.

21.
22.

23.

24.

25.

26.

27.

28.

Jo 7qdzkde C: {2 (t) = (1 + cost) +isint, t € (0,2m)}, ©. [?m]

Jo =922dz, kde C : |2 = 1, @. [mi]

Jo22ezdzkde C: |z = L, @. [%]

3

Jo €22dz, kde C : 2] = 1, ©. [—2i]

fC 23 cos (i) dz,kde C : |z —2| =3, &. [2m’ (% — 6)]

Josin® (2) dz,kde C : |2] = 1, ©. [0]

Jo (2= 1)%sin (4 ) dzkde €+ |2 = 3, ©. [~ 23]

Jo cos (ﬁ) dz,kde C': |z +i| = 1, &. [-27sin]]

Jotgzdz kde C: |z — 3| =1, ©. [2mi]

Jo (ﬁ —cos(

z
z—3

)) dzkde C: |z =8 =1, @. [2ri (§ + 3sin1)]

16



10 Desiaty tyzden
1. Vypocitajte vieobecné riesenie diferencidlnej rovnice:

(a) ¥’ +3y' —dy =0. [y(z) = Cre” + Cre*"]
(b) ¥" =2y +2y=0. [y(z)=e"(Cycosz + Cysinx)]
(¢) ¥ +6y +9y=0. [y(z)=Cre " + Come 3 |

2. Vyrieste zaciato¢né dlohy:

(a) ¥/ +5y +6y=0,y(0)=1,9(0)=2. [y(z) =52 —4e=3]
(b) ¥"+2y'+2y=0,y(0) =3,y (0)=1. [y(z) =e *(3cosx +sinz) ]
(c) ¥ =3y —4y=0,y(0)= -1y (0) 2. [y )=—%e‘r+ée4”] :

3. Vypocitajte veobecné riesenie diferencidlnej rovnice:

(a) ¥ +2) — 3y =4+ +4e>.

[y (17) = Clez + 0267313 — %;1; + %621 . %4]
(b) y" + 4y’ + 4y = 2 — sin 3z.

[y( ) = Cie " + Come " + 169 cos 3T + 169 sin3z + 5 ]
(c) ¥ +2y" — 8y = 3z cos4uw.

[y (x) = Cre** + Coe™** + 335 cosda + 1o0s

sin4x — Sg—ox cosdx + —z sindx ]

4. Vyrieste zaciato¢né ilohy:

(a) y" 42y + 5y =2sinz, y(0) =1, ¥’ (0) = 0.

[y () = Zsinz — £ cosz + Oy (cos2x) e~ + Cy (sin2z) e~
(b) ¥y +2¢y +y= binm y(0) =1, ¢’ (0) =0.

[y () =Cie ™ — 2 cosx + Cozxe™ ””]
(¢) ¥+ 3y +2y =sin3z, y(0) = 0 y' (0) =1.

[y (z) = Cre ™ —

TG 2z
T30 Sin 3z — 130 cos 3z + Coe™ ]

17



11 Jedenasty tyzden
1. V tlohéch 1 - 18 n4jdite Laplaceov obraz funkcie f, ak f je origindlom
2. f(t) =2e3 + et + 63 — Tt + 5.
[Fo) =2+ 55+ 52—+ 3]
3. f(t) =sin(5t) + 2 cos (3t) — sinh ¢ + cosh (2t) .

2
[F (p) = p2i25 + pzig - p21,1 + p2114:|

. 2 2
4. f(t) =sin®(at), a € R. [F (p) = %}

5. f(t) =sin(at) - cos (at), a € R. [F (p) = L}

~ p?+4a?
6. f(t) =sin(at) - cos (bt), a, b € R, a #b.

[F (v) = [p2+<:£i>;§7[p;i<lb>2]}

7. f(t) = a' +sin (wt + ).
[F(p):m-F@ﬁ’in)cos@—&-m%sin@}
8. (1) =sinh (31). |F(p) = 7]

10. f(t) =a’, a > 0. {F(p)=pina]

11. f(t) =tat, a > 0. [F (p) ;}

= (-Ina)?
12. f(t) = e* - cos(3t) - cos (4t).

1 -2 1 —2
[F () = 2797 + 3 (p—p2>2+1}

1B f () = et et sin(2). [F ) = 5k + i

14, (1) = eos(31). [F(p) = 255508

_ 42 —5¢ _ 2+42p+3p? 1
15 f(t)—t +2t+3+t6 . |:F(p)* p3 +(p+5)2i|

16. f(t) =t (cos(2t) + et -sin(2t)).

I 2(p+1)
Fp) = gamap + [(p+1)2+1]2}

18



17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

. 2_
F) =2 (% +sin(20) . [F(p) = 2 + 12508

ft) = fg sin (w) dT. {F (p) = W}

V 1dlohdch 18 - 20 pouzitim vety o posune v origindle najdite Laplaceov
obraz funkcie f :

ro-{ A

0 t<0 )
o . - e TP
f@)=% sint t€(0,3) . [pp3+p ]
1 t>7
V 1tlohdch 21 - 22 néjdite Laplaceove obrazy koneénych impulzov
0 t ¢ (1,4) s Y
F={ t-1 ey [(er -t e gt
-5+ 2 te <2, 4)
0 t ¢ (1,5)
t—1 te(1,2 o T
F=3 t€22,4; [(ep_GQP_e 4p+e5p)zﬂ
5—t te(4,5)

V tlohdch 23 - 24 n&jdite Laplaceov obraz periodickej funkcie

1 te (2km, (2k+1)7)

f(t)_{ —1 te{2k+1)m, (2k+2)7) ,k=0,1,2,... . [%}

p(l+e=P™)

w(1+e*%)
(p?4w?) (17e*%)

V 1ilohdch 25 - 27 néjdite konvolu¢ny sicin funkcif f, g :

f(t) = |sin (wt)|, w € RT.

f(@)=t, g(t) =cost. [1 —cost]
F) =t g0 =1 [&]

F(t) = e, g(t) =1~ at. [f
V tlohach 28 - 36 n&jdite origindl k funkcii F :

2 1 B
F(p) = 5. [/ () = —4 + e + 5]

19



30.

31.

32.

33.

34.

?—4p—3
F(p) = W- [f(t) =

F(p) = %. [f (t) =e" — e cos (2t) + Se " sin (2t)]

. —2p® +2p+5
F(p) = 5(p2+2p£2)(pi1)(p*1)'
e P
F(p) = w5spre:

—2tet + B_Qt]

[£ (1)

1
56

“tgint — %e*t +

[f(#)=n(t—m)e =™ —q(t —m)e 3]

e P_peP
F(p) = o=y

t<0

0
[f(t):{ t—k telkk+1),k=0,1,...

t<0

t € (2ka,(2k+1)a)

0 te((k+1)a,(2k+2)a), k=0,1,...

35. 1'71(]7):m,(161:{+
0
ft)=4 1
[f(t) =
37. F(p) = 37 + soepy (1+ ™).

1
f(t){ 2 —cos(t—m)

20

te(0,m)
t>m

3*19 (—2 sin (3t) — 3 cos (3t) + 36%)]

1
Ee

'



12 Dvanasty tyzden
V dlohéach 1 - 11 vypocitajte pomocou Laplaceovej transformécie rieSenie zaci-
atocnej ulohy:

12" () + 22" (t) + 52/ (t) = 0,  (04) = -1, 2’/ (0+) = 2, 2" (0+) = 0.

z(t)=—1—2e " cos (2t) + 2" sin (21)]

)
2. 2@W (1) + 22" (¢) + 2 (¢t) = 1, 2 (04) = 2’ (0+) = 2" (0+) = 2™ (0+) = 0.
[ (t) =1—cost — £ sint]

3. 2" (t) — 3z’ (t) + 22 (t) = €3, 2 (0+) = 2’ (0+) = 0.
[ZB (t) _ 1 et €2t + 1€3t]

4. 2" (t) — ( )+ 2z (t) = 2¢3, 2 (0+) = 2/ (0+) = 0.
[z (t) =€ —2e* +¢ t]

5. 2" (t) — 2’ (t) =te', z (0+) =1, 2/ (0+) =0
x(t) (% t+ 1)]

6. o' (t) +z(t) =t 2(0+)=a

7. 2" (t) + 42’ (t) +4x(t) = t3e 2, 2 (0+) =1, 2/ (0+) = 2.
:x () = e (1 At + %”

8. (t) — 2 (t) =sint, z (0+) = (0+) = " ((H-) =0.
z(t)=—1—t+ie' + 1 (cost+sint)]

9. x’(t)er(t)—f(t)vx(o+)_0’f(t)_{ (1] iiggg;

[m W)=1—-et-nt-2) (1 _ e—(t72))]

0 t<0
10. 2" ()+22' () +z () = £ (), 2 (0+) = 2’ (0+) = 0, f (1) _{ t te(0,1)
1 t>1
[(t) = —2+t+2et+tet—nt—1) [-2+ (t—1)+2e D 4 (t—1)e V]
0 t<0
11 2" () 4z (t) = f(t), 2 (04+) =1, 2" (0+) =0, f (¢) = { b te(0,a)
26 t>a

[x(@)=n(t)[b—(1—0b)cost] —n(t—a)[b—bcos(t —a)]]

21
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